Longitudinal elastic stress impulse induced by impact through a spring-dashpot system: Optimization and inverse problems for the spring stiffness  by Argatov, Ivan & Jokinen, Marko
International Journal of Solids and Structures 50 (2013) 3960–3966Contents lists available at ScienceDirect
International Journal of Solids and Structures
journal homepage: www.elsevier .com/locate / i jsolst rLongitudinal elastic stress impulse induced by impact through a
spring-dashpot system: Optimization and inverse problems
for the spring stiffness0020-7683/$ - see front matter  2013 Elsevier Ltd. All rights reserved.
http://dx.doi.org/10.1016/j.ijsolstr.2013.08.005
⇑ Corresponding author. Tel.: +358 503462117.
E-mail address: ivan.argatov@oulu.ﬁ (I. Argatov).Ivan Argatov a,⇑, Marko Jokinen b
a Engineering Mechanics Laboratory, University of Oulu, 90014 Oulu, Finland
bGlobal Boiler Works Oy, 90570 Oulu, Finlanda r t i c l e i n f o
Article history:
Received 13 May 2013
Received in revised form 15 July 2013
Available online 13 August 2013
Keywords:
Longitudinal impact
Elastic rod
Analytical solution
Inverse problema b s t r a c t
In the present paper, an exact analytical solution is obtained for the problem of a semi-inﬁnite elastic rod
struck by a rigid mass through a linear Kelvin–Voigt element. The optimization problem resulting in gen-
erating compressed pulses of minimum duration is addressed. The case of undamped impact has been
studied in detail, and the optimal value for the spring stiffness is presented in a closed form. Inverse prob-
lems of recovery of the impact system parameters from the parameters of the strain wave impulse are
also considered.
 2013 Elsevier Ltd. All rights reserved.1. Introduction
A longitudinal elastic compressed stress wave impulse is de-
ﬁned as one-dimensional wave propagation resulting in a long
elastic rod from a rapid loading process (for instance, short-time
impact with a rigid hammer). St. Venant’s problem of an elastic
rod with a ﬁxed end impacted by a moving mass at the other
end was studied in a number of papers (Goldsmith, 1960; Timo-
shenko and Goodier, 1970; Stronge, 2000; Hu and Eberhard,
2001). It was shown that the impactor rebound is not possible be-
fore the impact wave returns after reﬂection at the rod’s ﬁxed end.
Thus, in the case of impact of a rigid mass against a semi-inﬁnite
elastic rod, there will be no rebound at all (Graff, 1975, Sec-
tion 2.4.2). The problem of a semi-inﬁnite elastic rod struck by a
moving mass through a linear spring was considered in (Zegzhda,
1994), where it was shown that a ﬁnite-time impact occurs for a
relatively stiff spring. A longitudinal impact between a striker
and a semi-inﬁnite bar made of linearly viscoelastic materials
was considered in Bussac et al. (2008). The rigid body impact prob-
lem for a ﬁnite elastic rod with one end ﬁxed by means of a spring
was studied in detail in Schwarz et al. (2010).
In the present paper, we consider the stress wave generation in
a semi-inﬁnite elastic rod by the rigid mass impact through a
spring-dashpot system, which is mathematically represented bya linear Kelvin–Voigt element. Based on the obtained analytical
solution, we address the optimization problem resulting in gener-
ating compressed pulses of minimum duration. For many practical
applications, a considerable interest is also centered on the deter-
mination of the impactor system parameters from some data for
the stress wave impulse. The objective of this study was to inves-
tigate analytically a simple mathematical model of longitudinal
impact through a spring. The obtained results can be used in design
of the percussion hammer systems. The impact problem for a Zener
viscoelastic element can be regarded as a simple mathematical
model of the pulse shaper, which is used in the Kolsky bar com-
pression test to control the rise time of the incident stress pulse
(Vural and Ravichandran, 2003). With respect to impact testing, in-
verse and optimization problems for wave propagation in a one-
dimensional medium were studied previously in Jacquelin and
Hamelin (2003), Kaczmarek (2008), Nygren et al. (1999) and Velo
and Gazonas (2003), respectively.
The rest of the paper is organized as follows. In Section 2, we
formulate the mathematical model. By means of Laplace’s transfor-
mation, in Section 3 an exact analytical solution is obtained. The
most practically important case of undamped impact is studied
in detail in Section 4. Optimization problems for the spring stiff-
ness are solved in Sections 5.1 and 5.2 in the cases of undamped
and damped impact, respectively. Inverse problems for the spring
stiffness in the cases of undamped and damped impact, respec-
tively, are considered in Sections 6.1 and 6.2. Finally, in Section 7,
we outline a discussion of the results obtained and formulate our
conclusions.
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We consider the longitudinal impact of a half-inﬁnite elastic rod
by a rigid body through a spring-dashpot system (see Fig. 1). The
impactor has a mass m and an initial velocity v0. The elastic rod
is assumed to be homogeneous and isotropic with Young’s modu-
lus E. The rod has a constant cross-section, and prior the impact it
is at rest.
During the impact, the variable coordinate of the impactor,wðtÞ,
is governed by Newton’s second law
m€w ¼ kðw uÞ  bð _w _uÞ; ð1Þ
where k is the spring stiffness, b is the damping coefﬁcient,
uðtÞ ¼ Uðx; tÞjx¼0 is the longitudinal displacement of the rod’s end,
Uðx; tÞ is the displacement ﬁeld of the rod, and the coordinate
x ¼ 0 is taken as the rod end’s initial position.
According to Newton’s third law, the contact force (standing on
the right-hand side of Eq. (1)) is related to the reaction of the elas-
tic rod by the equation
kðw uÞ  bð _w _uÞ ¼ Arð0; tÞ: ð2Þ
Here, rðx; tÞ is the stress acting on the rod’s cross-section, A is the
rod cross-section area.
The time moment t ¼ 0 is taken to be the instant when the
impactor touches the spring-dashpot system. The initial conditions
are formulated as follows:
wð0Þ ¼ 0; _wð0Þ ¼ v0; ð3Þ
Uðx;0Þ ¼ 0; _Uðx;0Þ ¼ 0; xP 0: ð4Þ
The ﬁrst Eq. (4) immediately implies that
uð0Þ ¼ 0: ð5Þ
Using D’Alembert’s solution of the one-dimensional wave equation,
the displacement and stress ﬁelds in the elastic rod can be repre-
sented as follows:
Uðx; tÞ ¼ f ðct  xÞ; rðx; tÞ ¼ Ef 0ðct  xÞ: ð6Þ
Here, c is the longitudinal wave speed, f is a smooth function.
In view of Eqs. (6), we have
uðtÞ ¼ f ðctÞ; rð0; tÞ ¼ Ef 0ðctÞ: ð7Þ
Now, taking into account that the velocity ﬁeld in the elastic rod is
given by the formula
_Uðx; tÞ ¼ cf 0ðct  xÞ; ð8Þ
and comparing Eq. (8) with the second equation in (6), we get the
relation
rðx; tÞ ¼  E
c
_Uðx; tÞ: ð9Þ
Thus, Eq. (9) implies that
rð0; tÞ ¼  E
c
_uðtÞ: ð10Þ
Finally, using Eq. (10), we rewrite Eq. (2) ask
b
0v
m
w0 u0
x
Fig. 1. Schematic representation of the impact system comprising a half-inﬁnite
elastic rod, a rigid body, and a spring-dashpot system.b _wþ kw bþ EA
c
 
_u ku ¼ 0: ð11Þ
The system of two ordinary differential equations (1) and (11) with
the initial conditions (3) and (5) represents the mathematical model
of the longitudinal impact.
The duration of the impact process, tc , is determined by the con-
dition rð0; tcÞ ¼ 0, or that is the same by the following condition
(see, Eq. (10)):
_uðtcÞ ¼ 0: ð12Þ
It is assumed that rð0; tÞ < 0 for t 2 ð0; tcÞ.
3. Main parameters of the impact through a spring-dashpot
system
Applying Laplace’s transformation to the system (1), (11), (3),
and (5), we arrive at the following linear algebraic system:
ðp2 þ 2fpþx20Þw  ð2fpþx20Þu ¼ v0; ð13Þ
ð2fpþx20Þw  2ðfþ gÞpþx20
 
u ¼ 0: ð14Þ
Here, wðpÞ and uðpÞ are the Laplace transforms of wðtÞ and uðtÞ,
respectively, x0; f, and g are three new parameters having the
dimension of reciprocal time and being determined by the formulas
b
m
¼ 2f; EA
cm
¼ 2g; k
m
¼ x20: ð15Þ
From (13) and (14), it follows that
wðpÞ ¼ v0 2ðfþ gÞpþx
2
0
 
p 2ðfþ gÞp2 þ ðx20 þ 4fgÞpþ 2gx20
  ; ð16Þ
uðpÞ ¼ v0ð2fpþx
2
0Þ
p 2ðfþ gÞp2 þ ðx20 þ 4fgÞpþ 2gx20
  : ð17Þ
Under the assumption that x0 < 4g, Eqs. (16) and (17) yield
wðtÞ ¼ v0
2g
1 eat cosxt þ b1eat sinxt
 
; ð18Þ
uðtÞ ¼ v0
2g
1 eat cosxt  beat sinxt ; ð19Þ
where we introduced the notation
x2 ¼ 16g
2x20  ðx20  4fgÞ
2
16ðfþ gÞ2
; a ¼ x
2
0 þ 4fg
4ðfþ gÞ ; ð20Þ
b1 ¼
8g2 x20 þ 4fg
4ðfþ gÞx ; ð21Þ
b ¼ x
2
0  4fg
4ðfþ gÞx : ð22Þ
Differentiating (18) and (19) with respect to time, we get
_wðtÞ ¼ v0
2g
eat ðaþxb1Þ cosxt þ ðx ab1Þ sinxtf g; ð23Þ
_uðtÞ ¼ v0
2g
eat ðaxbÞ cosxt þ ðxþ abÞ sinxtf g: ð24Þ
Substituting the expression (24) into Eq. (12), we ﬁnd the impact
duration
tc ¼ pux ; ð25Þ
where
u ¼ arcsin axbﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ b2
q ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2 þx2p
: ð26Þ
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FðtÞ ¼ Arð0; tÞ ð27Þ
is given by
FðtÞ ¼ mv0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ b2
q ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2 þx2
p
eat sinðxt þuÞ; ð28Þ
where t is assumed to vary in the interval ½0; tc. Note also that
according to (20) and (22), we have
1þ b2 ¼ 16g
2x20 þ 3ðx20  4fgÞ
2
4 16g2x20  ðx20  4fgÞ
2
h i ; a2 þx2 ¼ gx20
gþ f : ð29Þ
The rebound velocity of the impactor is found to be
_wðtcÞ ¼  v0ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ b2
q g
gþ f
 3=2x0
x
expðatcÞ; ð30Þ
where tc is given by (25) and (26).
The maximum value of the contact force is achieved at the
moment
t0 ¼ u0 ux ; ð31Þ
where
u0 ¼ atan
x
a
: ð32Þ
Correspondingly, the maximum contact force is given by
Fðt0Þ ¼ mv0x
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ b2
q
expðat0Þ: ð33Þ
Observe that at the initial instant of the impact, the contact force re-
ceives a non-zero jump-like change to the value
mv0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ b2
q ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2 þx2p sinu (see, Eq. (26)) that is
Fð0Þ ¼ mv0ðaxbÞ: ð34Þ
This phenomenon is caused by the damping. Indeed, it can be easily
shown that axb ¼ 0 in the case of f ¼ 0, so that u ¼ 0 and the
contact force is continuous.
Finally, according to the second equations in (6) and (7), the
stress wave propagating along the rod is given by
rðx; tÞ ¼ 1
A
H t  x
c
	 

F t  x
c
	 

1 H t  x
c
 tc
	 
h i
; ð35Þ
where HðtÞ is the Heaviside step function such that HðtÞ ¼ 0 for
t < 0 and HðtÞ ¼ 1 for t > 0.
Remark 1. It could be noted that from the second initial condition
(4), it formally follows that _uð0Þ ¼ 0. However, Eq. (11) implies that
_uð0Þ ¼ v0f=ðfþ gÞ, which is in agreement with formula (24). This
paradox is caused by the singular character of the Kelvin–Voigt
model m€w ¼ kw b _w, which in the case of impact, when
wð0Þ ¼ 0 and _wð0Þ ¼ v0, yields the jump-like behavior of the
impactor acceleration and, correspondingly, of the contact force.
On the other hand, the wave equation c2@2xU ¼ €U with the initial
conditions (4) and the boundary condition @xU ¼ eðtÞ at x ¼ 0 has
the following solution:
Uðx; tÞ ¼
0 for t < x=c;
c R tx=c0 eðnÞdn for t > x=c:
(
For the velocity ﬁeld, we will have _Uðx; tÞ ¼ ceðt  x=cÞ for t > x=c,
and, correspondingly, at the rod’s end
_Uð0; tÞ ¼ 0 for t < 0;ceðtÞ for t > 0:
Thus, in the case of impact loading, when eð0Þ– 0, the limit value of
_uðtÞ ¼ _Uð0; tÞ as t ! 0þ will be different from zero.4. Case of undamped impact: Impact through a spring
Under the assumption that f ¼ 0, according to formulas (20)
and (22), we will have
x ¼ x0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 c2
q
; a ¼ x0c; b1 ¼
2 c
4c
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 c2
p ; b ¼ cﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 c2
p ;
ð36Þ
where we introduced the notation
c ¼ x0
4g
: ð37Þ
In view of (15), we get
c ¼ c
ﬃﬃﬃﬃﬃﬃﬃ
km
p
2EA
: ð38Þ
By formulas (26), (28), and (36), the impact contact force is obtained
in the form
FðtÞ ¼ mv0x0ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 c2
p eat sinxt: ð39Þ
The duration of impact and the time to the maximum value of the
contact force are given by the following formulas (see, Eqs. (25)
and (31)):
tc ¼ p
x0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 c2
p ; ð40Þ
t0 ¼ 1
x0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 c2
p atan
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 c2
p
c
: ð41Þ
Formulas (39), (30), and (33), correspondingly, yield the following
values for the rebound velocity of the impactor and the maximum
contact force, F0 ¼ Fðt0Þ:
_wðtcÞ ¼ v0 expðatcÞ; ð42Þ
F0 ¼ mv0x0 expðat0Þ: ð43Þ
Substituting (40) and (41) into Eqs. (42) and (43), respectively, and
taking into account the second formula (36), we get
_wðtcÞ ¼ v0 exp  pcﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 c2
p
 !
; ð44Þ
F0 ¼ mv0x0 exp  cﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 c2
p atan
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 c2
p
c
 !
: ð45Þ
In view of (35), the strain wave impulse propagating along the rod
can be expressed as
eðx; tÞ ¼ H t  x
c
	 

 t  x
c
	 

1 H t  x
c
 tc
	 
h i
; ð46Þ
where the function ðtÞ; t 2 ½0; tc, is determined by the formula
ðtÞ ¼ 2v0
c
cﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 c2
p ex0ct sinx0 ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ1 c2q t: ð47Þ
Correspondingly, the maximum compressive strain, 0 ¼ ðt0Þ, is gi-
ven by
0 ¼ 2v0c c exp 
cﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 c2
p atan
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 c2
p
c
 !
; ð48Þ
Fig. 2. The relative minimum impact duration tc=s and the optimal value c as
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(38).
5. Optimization of the spring stiffness
5.1. Case of undamped impact
Impact stress waves are characterized by short durations. Thus,
in order to generate a short-duration stress wave in the elastic rod,
we need to minimize the quantity tc with respect to the external
parameters m and k.
Let us consider the following optimization problem: Given m,
ﬁnd k such that tc takes its minimum.
In view of (15) and (37), we have
x0 ¼ 2EAcm c; ð49Þ
where the dimensionless parameter c is related to the spring stiff-
ness by formula (38).
Now, taking into account (49) and (40), the impact duration can
be represented as follows:
tc ¼ pcm2EA
1
c
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 c2
p : ð50Þ
It can be easily shown that the minimum value of tc as function of
c; c 2 ð0;1Þ, is achieved at
c ¼
1ﬃﬃﬃ
2
p : ð51Þ
Substituting (51) into (50), we obtain
tc ¼
pcm
EA
: ð52Þ
Moreover, formula (51) yields the optimal value of the spring
stiffness
k ¼ 2ðEAÞ
2
c2m
: ð53Þ
Observe that k is inversely proportional to the impact mass.
Remark 2. In the considered optimization problem, the impactor
mass,m, was assumed to be given, while the spring stiffness, k, was
allowed to vary. On the other hand, a special interest represents
also the opposite situation, when the spring stiffness is given,
while the impactor mass is varied. In this case, in view of (38) and
(49), we can write
x0 ¼ ck2EA
1
c2
: ð54Þ
After the substitution of (54) into (38), we get
tc ¼ 2pEAck
c2ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 c2
p : ð55Þ
Formulas (55) and (38) imply that tc is a monotonically increasing
function of m under the assumption of k being constant.
Finally, let us specify Eqs. (44) and (45) for the case of optimal
spring stiffness. Namely, the substitution of (51) into the men-
tioned equations yields
_wðtcÞ ¼ v0ep; ð56Þ
F0 ¼
v0EAﬃﬃﬃ
2
p
c
ep=4; ð57Þ
where F0 is the value of the contact force at the time momentt0 ¼
p
4
cm
EA
: ð58Þ
Observe that t0 ¼ tc=4 (see, Eqs. (52) and (58)).
Let us introduce the notation
s ¼ cm
EA
: ð59Þ
Now, in the same way, Eqs. (47) and (48) are simpliﬁed as follows:
ðtÞ ¼ 2v0
c
exp  t
2s
 
sin
t
2s
; ð60Þ
0 ¼
ﬃﬃﬃ
2
p
v0
c
ep=4: ð61Þ
Here, 0 is the value of the compressive strain at the moment t ¼ t0
with t0 given by (58).
5.2. Case of damped impact
To simplify formulas, let us introduce additional notation
n ¼ f
g
: ð62Þ
Then, in view of (37) and (62), formulas (20), (22), and (26), corre-
spondingly, can be rewritten as follows:
x ¼ 4g
1þ n
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c2  c2  n
4
 2s
; a ¼ 4g
1þ n c
2 þ n
4
 
; ð63Þ
b1 ¼
1
2þ n4 c2ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c2  c2  n4
 2q ; b ¼ c
2  n4ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c2  c2  n4
 2q ;
u ¼ arcsin n
8c2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ np
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c2  c2  n
4
 2s
: ð64Þ
Consider, now, the minimization of the impact duration tc (obtained
after the substitution of (63) and (64) into (25)) as a function of two
variables c and n. Regarding n as a parameter, we ﬁnd the minimum
tcðnÞ corresponding to the optimal value cðnÞ. Fig. 2 presents the re-
sults of numerical calculations for n 2 ½0;1. It is clear that the intro-
duction of damping at the impact interface leads to the increase in
the impact duration.
The obtained numerical solution, which is presented in Fig. 2, is
enough for the practical needs. An analytical solution of the opti-functions of n.
Fig. 3. Strain impulse shape for different values of the parameter c in the case of
undamped impact.
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ues of the dimensionless parameter n. However, such an analytical
solution will be very cumbersome, and, moreover, it will require
the investigation of its error.
6. Inverse problem for the spring stiffness: case of undamped
impact
6.1. Inverse problem for the spring stiffness
Let us assume that the strain wave impulse is measured exper-
imentally, while the impact system parameters, namely, m; v0,
and k are unknown and should be determined from the experimen-
tal data.
In order to determine the three parameters, we ﬁt the experi-
mental curve for the strain wave impulse (46) and (47) by the
function
1ðtÞ ¼ 1ea1t sinx1t: ð65Þ
The three ﬁtting parameters, 1; a1, and x1, provide the following
approximations for the impact duration and the maximum com-
pressive strain:
tc ¼ px1 ; ð66Þ
0 ¼ 1x1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x21 þ a21
q exp  a1
x1
atan
x1
a1
 
: ð67Þ
Moreover, comparing formulas (65) and (47), we obtain
c ¼ a1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x21 þ a21
q : ð68Þ
On the other hand, in view of Eqs. (38), (48), and (50), the left-hand
side quantities (66)–(68) are related to the impact system parame-
ters through the equations
tc ¼ pcm2EA
1
c
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 c2
p ; ð69Þ
0 ¼ 2v0c c exp 
cﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 c2
p atan
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 c2
p
c
 !
; ð70Þ
c ¼ c
ﬃﬃﬃﬃﬃﬃﬃ
km
p
2EA
: ð71Þ
The inverse problem formulated above can be solved in the follow-
ing way. First, Eq. (68) yields the value of the dimensionless param-
eter c. After that, Eqs. (66), (69) and (67), (70) allow to determine
the impactor mass and the initial velocity as
m ¼ 2EAa1
cðx21 þ a21Þ
; ð72Þ
v0 ¼ c1x12a1 : ð73Þ
Finally, Eqs. (68), (69), and (72) yield the sought-for spring stiffness
k ¼ 2EA
c
a1: ð74Þ
Thus, the inverse problem has a unique solution given by (72)–(74).
Observe that the parameter a1 describes the asymmetry of the
strain wave impulse (see, Fig. 3, where the normalized function
(65) is depicted for different values of c ranging from 0:1 to 0:9 with
a step of 0:1).Now, let us relax the requirement that the experimental curve
for the strain wave impulse is best-ﬁtted by the function (65),
and consider the problem of recovery of the impact system param-
eters from the maximum compressive strain, 0, and the time to
the maximum strain, t0. It is clear that the new inverse problem
(which will be called the relaxed inverse problem) admits multiple
solutions.
By the assumption, we have two relations (41) and (70), which
can be rewritten as
m ¼ 2EAt0
c
c
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 c2
p
atanðc1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 c2
p
Þ ; ð75Þ
v0 ¼ c02c exp
cﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 c2
p atan
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 c2
p
c
 !
: ð76Þ
Eqs. (75) and (76) can be regarded as a parametric representation of
the dependence of v0 on m (see the solid line in Fig. 4). In other
words, any point on this curve leads to a solution of the relaxed in-
verse problem. Indeed, after evaluating the parameter c from either
of the two equations (see, Fig. 5), the value of the spring stiffness
can be easily found from Eq. (38). For instance, by assuming some
value for m, we ﬁnd the corresponding value for c by numerical
solution of Eq. (75). After that Eq. (38) yields
k ¼ 2EA
ct0
cﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 c2
p atan
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 c2
p
c
: ð77Þ
Recall also that Eq. (76) provides the corresponding value for the
impact velocity v0.
Remark 3. Finally, let us consider the so-called modiﬁed relaxed
inverse problem of recovery of the impact system parameters from
the maximum compressive strain, 0, and the impact duration, tc .
In this case, in view of Eq. (40), we should be replace Eq. (75) with
the following equation:m ¼ 2EAt0
pc
c
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 c2
q
: ð78Þ
It can be shown (see the dashed line in Fig. 4 and the dashed-point
line in Fig. 5) that for a given mass there may exist two impactor
velocities that produce the same maximum compressive strain
and impact duration. Thus, the inverse problem (76) and (78) may
have multiple solutions.
Fig. 4. The normalized impactor velocity versus the normalized impactor mass.
Fig. 5. The parameter c as a function of the normalized impactor mass (lower scale)
and the normalized impactor velocity (upper scale).
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Now, according to (28) and (35), we ﬁt the experimental curve
for the strain wave impulse (46), (47) by the function
2ðtÞ ¼ 2ea2t sinðx2t þu2Þ ð79Þ
with four ﬁtting parameters, 2; a2; x2, and u2.
By analogy with Eqs. (66) and (67), we will have
tc ¼ pu2x2 ; ð80Þ
0 ¼ 2x2ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x22 þ a22
q exp  a2
x2
atan
x2
a2
u2
  
: ð81Þ
To close this system, we consider the following equation:
ð0Þ ¼ 2 sinu2: ð82Þ
On the other hand, in view of (25), (33), and (34), we have
tc ¼ 1x p arcsin
axbﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ b2
q ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2 þx2p
0
B@
1
CA; ð83Þ
0 ¼ mv0AE x
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ b2
q
exp  a
x
atan
x
a
u
h i	 

; ð84Þð0Þ ¼ mv0
AE
ðaxbÞ; ð85Þ
where the parameters a; b, and x are related to the three parame-
ters x0; g, and f by Eqs. (20) and (22).
In turn, the parameters x0; g, and f are related to the four im-
pact system parameters, m; v0; k, and b, through Eqs. (15). Hence,
the system of Eqs. (83)–(85) should be supplemented with an addi-
tional equation. By virtue of Eq. (29)2, we obtain
gx20
gþ f ¼ a
2
2 þx22: ð86Þ
Thus, for determining the four parameters m; v0; k, and b one has
the derived system of four Eqs. (83)–(86) with the notation (20) and
(22) taken into account.
7. Discussion and conclusions
In the general case of linear viscoelastic force–displacement
relationship, the deformational response of the pulse shaper can
be represented as
F ¼
Z t
0
Kðt  sÞ dw
ds
ðsÞ  du
ds
ðsÞ
 
ds; ð87Þ
where KðtÞ is the relaxation stiffness.
Correspondingly, Eqs. (1) and (10) should be rewritten as
follows:
m€w ¼ F;
F ¼ EA
c
_u: ð88Þ
With regard to the impact of a hammer onto an elastic rod through
a pulse shaper, where the instantaneous elastic response of the
pulse shaper has certainly an important role to play, instead of a
Kelvin–Voigt solid, it is more appropriate to use the Zener solid
model, or as it is commonly known as ‘‘the three-element standard
solid model’’, which is described by the relaxation stiffness
KðtÞ ¼ kþ ðk0  kÞ exp  tsR
 
; ð89Þ
where k0 and k are the instantaneous and long-term moduli, sR is
the relaxation time. On the other hand, Eqs. (87) and (89) are equiv-
alent to the differential equation
F þ bqð1 qÞ
k
_F ¼ kðw uÞ þ ð1 qÞbð _w _uÞ; ð90Þ
where q ¼ k=k0 and b ¼ sRk20=ðk0  kÞ.
By the same method as in Section 3, it can be shown that the La-
place transform of the contact force is given by
F ¼ v0EA
c
x20 þ ð1 qÞ2fp
 
DðpÞ ; ð91Þ
where
DðpÞ ¼ 4gfqð1 qÞ
x20
p3 þ 2½ð1 qÞfþ gp2 þ ½x20 þ 4gfð1 qÞp
þ 2gx20:
In view of (88), we have F ¼ ðEA=cÞpu, and in the limiting case as
q! 0, the solution (91) reduces to that given by Eq. (17) obtained
in the case of the Kelvin–Voigt model.
Further, it can be easily checked that
F ¼ v0EA
2cgq
1
p2
þ Oðp3Þ; p !1:
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that is the Zener solid exhibits an instantaneous elastic response.
Because the Zener model results in a much more complicated
analytical solutions, we have chosen the Kelvin–Voigt model to
throw light on the inﬂuence of damping on the main impact
parameters. At the same time, the Zener model (90) can be re-
garded as a perturbation of the Kelvin–Voigt model (Argatov,
2013), and an asymptotic technique can be applied to generalize
the obtained simple analytical formulas.
The performed analysis revealed an importance of the time con-
stant s ¼ 1=ð2gÞ (see, Eqs. (15) and (59)) and the dimensionless
parameter c deﬁned by (38). Observe that in view of (50) and
(59), the impact duration in the most practically important case
of undamped impact can be represented as
tc ¼ ps
2c
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 c2
p
with the minimum tc ¼ ps achieved at c ¼ 1=
ﬃﬃﬃ
2
p
. In the general
case, the time period ps gives the lower bound for the duration of
the impact process (see, Fig. 2).
One of the main results of the paper concerns the strain impulse
shape in the undamped impact. First, it was shown (see, Fig. 3) that
the parameter c governs the rise time of the incident stress pulse.
Second, it was shown that the shortest strain wave impulse has the
form (see, Eqs. (60) and (61))
ðtÞ ¼ 0 exp 
t
2s
 
sin
t
2s
;
which differs from a half-sinusoidal pulse widely used for analytical
approximations (Idesman et al., 2010). Third, according to the solu-
tion of the structural inverse problem considered in Section 6.1, the
impact system parameters m, v0, and k inﬂuence the parameters of
the strain wave impulse 1ðtÞ ¼ 1ea1t sinx1t in different ways. In
particular, the parameter a1 depends only on the spring stiffness
k, while the coefﬁcient 1 is directly proportional to the initial
impactor velocity v0.
Recall that the solution constructed in Section 3 is valid under
the assumption that x0 < 4g. In view of the notation (15), it can
be rewritten as follows:
km < 4
ðEAÞ2
c2
: ð92Þ
Let us introduce the notation Z for the characteristic impedance of
the elastic rod, AðEqÞ1=2. Then, the inequality (92) takes the form
km < 4Z2. The physical meaning of the condition (92) is that it
determines the existence of the rebound event during the impact.
Namely, if the condition (92) is violated, the impactor and the rod
do not separate (tc ¼ 1).It should be noted that wave propagation is only accounted for
within the elastic rod. In some practical situations, the impactor
may be approximated as a rigid mass, thus neglecting wave prop-
agation effects in the impacting system. Recall (Graff, 1975) that
this approximation becomes more accurate when the impact mass
is much greater than the local mass of the elastic rod and when the
elastic modulus of the impactor is greater than that of the struck
rod.
In the present paper, the optimization problem for the spring
stiffness resulting in generating compressed pulses of minimum
duration is solved, and a simple analytical solution is obtained in
the case of undamped impact. Three inverse problems are formu-
lated for the determination of the impactor system parameters
from some data for the stress wave impulse, and the uniqueness
properties of their solutions are discussed.
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